COMPARING NUMERICAL DIMENSIONS 



BRIAN LEHMANN 

Abstract. The numerical dimension is a numerical measure of the pos- 
itivity of a pseudo-effective divisor L. There are several proposed defi- 
nitions of the numerical dimension due to |Nak04] and [BDPPOi] , We 
prove the equality of these notions and give several additional character- 
izations. We also prove some new properties of the numerical dimension. 



1. Introduction 

Suppose that X is a smooth complex projective variety and L is an 
effective divisor. An important principle in birational geometry is that 
the geometry of L is captured by the asymptotic behavior of the spaces 
H^{X,Ox{mL)) as m increases. When L is a big divisor, this asymptotic 
behavior has close ties to the cohomological and numerical properties of 
L. These connections have been applied profitably in many situations in 
birational geometry, most notably in the minimal model program. 

However, when L is an effective divisor that is not big, these close relation- 
ships no longer hold. In order to understand the interplay between numerical 
and asymptotic properties, |Kaw85] defined the numerical dimension of a nef 
divisor. |Nak04j and |BDPP04] proposed several different extensions of this 
notion to pseudo-effective divisors. Our goal is to give a unifying framework 
for the numerical dimension by proving the equality of these definitions and 
giving other natural descriptions as well. We also describe some new prop- 
erties of the numerical dimension. The crucial perspectives are that: 

(1) The numerical dimension measures the asymptotic behavior of L 
when it is perturbed by adding a small ample divisor eA. 

(2) The numerical dimension measures the largest dimension of a sub- 
variety W <Z X such that L is positive along W . An important 
subtlety is that one should not simply consider L\y/ but should "re- 
move" contributions of the base locus of L. 

Since some of the definitions used in the main theorem are rather techni- 
cal, we simply give references here. We will describe the intuition behind the 
theorem in Section ll.ll The notation B_(L) denotes the diminished base 



locus defined in Section UA\ yo\x\w denotes the restricted volume defined in 
Section [2^ Pa{—) denotes the divisorial Zariski decomposition defined in 
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Section [3], and (— ) denotes the restricted positive product defined in Section 

H 

Theorem 1.1. Let X be a normal projective variety over C and let L be a 
pseudo-effective M-Cartier M-Weil divisor. In the following, A will denote 
some fixed sufficiently ample "L-divisor and W will range over all subvarieties 
of X not contained m B_(L) USupp(L) USing(X). The following quantities 
coincide: 

Perturbed growth condition: 

(1) maxjA: € Z>o |nmsup^^^ ^ 
Volume conditions: 

(2) max{k € Z>o| 3C > such that Ct'^-'' < vol(L + tA) for all t>0}. 

(3) max{dim I linie^o volx|vi/(-^ + e^) > 0}. 

(4) maxjdiml^l inf0.y_^x vol^^(P(j((/>*L)|^) > 0} where (f) varies over 
all birational maps such that no exceptional center contains W and 
W denotes the strict transform ofW. 

Positive product conditions: 

(5) max{A; G Z>o\{L^) / 0}. 

(6) max{dimVF|(L<^™^)x|iy > 0}. 
Seshadri-type condition: 

(f)*L — eE is not pseudo-effective 
for any e > where (j) '■ BlwiX) X 
and Ox{-E) = <p-^Zw ■ Obi^x 
By convention, if L is big we interpret this expression as returning 
dim(X). 

This common quantity is known as the numerical dimension of L, and is 
denoted v{L). It only depends on the numerical class of L. 

The definitions Kq- and Ky of [Nak04] are listed as (1) and (7) respectively 
and the definition v of [ BDPP04] is hsted as (5) . When L is nef this definition 
agrees with the definition of |Kaw85j . 

Remark 1.2. The numerical dimension also admits a natural interpretation 
with respect to separation of jets, reduced volumes, and the other invariants 
considered in (EI7m+09] . 

The numerical dimension is very natural from the viewpoint of birational 
geometry. It is established in [Nak04] that for a pseudo-effective divisor L: 

• < v{L) < dim(X). 

• uiL) = dim(X) iflt L is big and u{L) = iff P„{L) = 0. 

• If : y —7- X is a surjective morphism then v{(f)*L) = ^{L). 

We will prove two additional basic properties, answering a question of |Nak04] : 
. v{L) = v{P„{L)). 



(7) min < dim W 
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• Fix some sufficiently ample Z-divisor A. Then there are positive 
constants Ci , C2 such that 

Cim'^^^) < h°{X,Ox{[mL\+ A)) < C2m<^^ 

for every sufficiently large ra. 
The properties of ^{L) will be discussed in more depth in Section [H 

1.1. Intuitive Description. We now turn to an intuitive description of 
several of the definitions in Theorem 11.11 Classically one measures the pos- 
itivity of a divisor using the rate of growth of sections of H^{X,OximL)) 
as m increases. More precisely, the litaka dimension is defined as 



k{L) = max < k £ 



limsup ^ ' — > 



(If H^{X,Ox{[mL\)) = for every m, we set k{L) = —00.) To obtain a 
numerical invariant, we must instead consider sections of rriL + A for some 
sufficiently ample divisor A. Thus definition (1) indicates that i^{L) can be 
viewed as a numerical analogue of the litaka dimension. 

Another way to calculate the positivity of L is to use intersection products. 
[Kaw85] defined the numerical dimension of a nef divisor L as 

i/(L) := max{A; G Z>o|L'= • A^-'' ^ 0} 

for some (thus any) ample divisor A. The naive extension of this definition 
to pseudo-effective divisors does not work, as the diminished base locus of 
L might contribute positively to this intersection and distort the measure- 
ment. The positive product of [BDPP04] gives a precise method of taking 
intersection products while discounting these contributions. Definition (5) 
shows that i^(L) can be defined as in |Kaw85| by replacing the intersection 
product by the positive product. 

A third way to measure the positivity of a divisor is the volume: setting 
n = dim(X), 

h^{X,Ox{mL)) 
vol L := hmsup — — . 

m^oo m"/n! 

Conceptually, one can view the volume as a loose analogue of the top self- 
intersection of L. While this latter quantity does not usually yield geometric 
information, the volume is a useful alternative that still shares many of 
the desirable properties of intersection products. [LM09 j and [BFJ09| show 
that vol is a differentiable function on the space of big M-Cartier divisors. 
Definition (2) demonstrates that i^{L) controls the derivative of vol near L. 

1.2. Restricted Numerical Dimension. It is useful to study not only 
numerical invariants on X but also restricted versions that measure positiv- 
ity along a sub variety V. We will define a restricted numerical dimension 
of L along a subvariety V oi X. Just as in the non-restricted case, the 
restricted numerical dimension should measure the maximal dimension of a 
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very general subvariety W G V such that the "positive restriction" of L is 
big along W. 

Definition 1.3. Let X he a smooth variety, V a subvariety, and L a pseudo- 
effective M-divisor such that V (t B_(L). Fix an ample divisor A. We define 
the restricted numerical dimension i/x\vi^) be 

vxwiL) '■= maxidimTyl lim vo1xivk(^ + > 0} 

where W ranges over smooth subvarieties of V not contained in B_(L). The 
restricted numerical dimension is an invariant of the numerical class of L. 

The restricted numerical dimension satisfies (slightly weaker) analogues 
of Theorems 11.11 and 16.71 For nef divisors we obtain nothing new because 
vi^\y{L) = i'v{L\v)- Nevertheless, the restricted numerical dimension plays 
an important role in understanding the geometry of a pseudo-effective divisor 
L. 

1.3. Organization. The paper is organized as follows. Section[3]is devoted 
to the study of the divisorial Zariski decomposition, giving the technical 
background for the rest of the paper. Sections H] and [5] prove some ba- 
sic facts about the invariants of Theorem 11.11 We then turn to the proof 
of Theorem 11.11 in Section [6l Section [7] is devoted to a discussion of the 
restricted numerical dimension. 

I would like to thank my advisor J. M'^Kernan for his advice and support. 
I also thank R. Lazarsfeld for some helpful conversations, Y. Gongyo for 
pointing out several mistakes in an earlier draft, and the referee for the 
careful revisions. 

2. Preliminaries 

All schemes will lie over the base field C. A variety will always be an 
irreducible reduced projective scheme. The ambient variety X is assumed 
to be normal unless otherwise noted. The term "divisor" will always refer 
to an M-Cartier M-Weil divisor. NP{X) will denote the M- vector space of 
codimension p cycles quotiented out by those numerically equivalent to 0, 
and CD{X) will denote the M- vector space of Cartier divisors quotiented 
out by those that have degree along every irreducible curve. 

2.1. Base Loci. Let L be a pseudo-effective divisor. The R-stable base 
locus of L is defined to be 

Bm(L) := p|{ Supp(i?) \D>0 and L}. 

When L is not M-linearly equivalent to an effective divisor, we use the con- 
vention that Br(L) = X. The M-stable base locus is always a Zariski-closed 
subset of X; we do not associate any scheme structure to it. 

We obtain a much better behaved invariant by perturbing by an ample 
divisor. This approach to invariants was first considered in [NakOO] and was 
studied systematically in [ELM"*" 05 . 
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Definition 2.1. Let L be a pseudo-effective divisor. Tlie augmented base 
locus of L is 

B+(L):= fl Bk(L-A). 

A ample 

Note that B+(L) D Bk(L). (ELM+05| Corollary 1.6 verifies that the 
augmented base locus is equal to Br(L — A) for any sufficiently small ample 
divisor A. Thus B+(L) is a Zariski-closed subset of X and it only depends 
on the numerical class of L. 

For the second variant, we add on a small ample divisor. 

Definition 2.2. Let L be a pseudo-effective divisor. The diminished base 
locus of L is 

B_(L)= J Bk(L + A). 

A ample 

Remark 2.3. Although jNak04| uses a different definition, it is equivalent 
to ours by [Nak04 ] Theorem V.1.3. 

|ELM^05j Proposition 1.15 checks that the diminished base locus only 
depends on the numerical class of L. Unlike the augmented base locus, 
the diminished base locus is probably not a Zariski-closed subset (although 
no examples are known of such pathological behavior). However, it is a 
countable union of closed subsets by the following theorem. 

Theorem 2.4 ( [Nak04] . Theorem V.1.3). Let X he a smooth variety and 
let L he a pseudo-effective divisor. There is an ample divisor A such that 

B_(L) = y Bs([mLl + A) 

m 

where Bs denotes the (set-theoretic) hase locus. 

|Nak04] proves the invariance of B_(L) under surjective morphisms. 

Proposition 2.5. Let (j) : Y ^ X he a surjective morphism from a normal 
variety Y onto a normal variety X . Suppose that L is a pseudo-effective 
divisor on X . Then we have an equality of sets 

0"^B_(L) U 0"^Sing(X) = B_((/>*L) U (/>"^Sing(X). 
Proof. Fix an ample divisor H onY and an ample divisor A on X. We have 



by [ ELM+OS] Remark 1.20 




*L) by [ELM+05) Remark 1.20. 



6 



BRIAN LEHMANN 



This proves the inclusion D. Furthermore, the same argument shows that 
it suffices to prove the reverse inclusion C after replacing Y by any higher 
birational model. _ 

We next reduce to the case where X and Y are smooth. Let tp : X X 
denote a resolution that is an isomorphism away from Sing(X). Suppose 
that the closed point x B_((^*L) U <^^"'^Sing(X). Fix an ample divisor A 
on X and choose an ample divisor yl on X so that (f)*A — A is an effective 
divisor E. Since x is not contained in the V'-exceptional locus, we may also 
ensure that that x Supp(£'). Then 

X Bm(</.*(L) + eH + eE) = </.-1Bm(</.*(L + eA)) 

for any e > 0, showing that 

V'"^B_(L) U ^"^Sing(X) = B_(V'*L) U V"^Sing(X). 

As discussed earlier, we may verify the desired equality of sets by replacing 
y by a smooth birational model that dominates X. Thus we have reduced 
to case when both X and Y are smooth. 

[NakOA] Lemma IIL2.3 and Lemma IIL5.15 together show that for a 
smooth variety Z and a pseudo-effective divisor M on Z, a closed point z ^ Z 
is contained in B_(M) if and only if for every birational map tp : W ^ Z 
from a smooth variety W and every ■0-exceptional divisor E with 'ip{E) = z 
we have E C 'B-{ip*L). This immediately implies the inclusion C when 
both X and Y are smooth, concluding the proof. □ 

2.2. F-pseudo-efFective Cone and y-big Cone. The perturbed base 
loci can be used to describe when a divisor L sits in "general position" with 
respect to a subvariety V. 

Definition 2.6. Suppose that y C X is a subvariety. We define the V- 
pseudo-effective cone Psefv(^) to be the cone in CD{X) generated by 
classes of divisors L with V ^ B_(L). We define the l^-big cone Bigy{X) 
to be the cone generated by classes of divisors L with V (t B_|_(L). 

It is easy to verify that Psefv(^) is closed and Bigy(X) is its interior. 
Note also that L\v is pseudo-effective whenever L has numerical class in 
Fsefv{X). The following perspective will sometimes be useful. 

Definition 2.7. Suppose that V C X is a subvariety. If L is an effective 
divisor such that Supp(L) ~6 V we say L >y 0. 

The relationship with the earlier criteria is given by a trivial lemma. 

Lemma 2.8. Suppose that V C X is a subvariety. If L is a V-big divisor, 
then L ~r L' for some L' >v 0. 
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2.3. Admissible and V-Birational Models. Suppose that X is a normal 
variety and V is a subvariety. In order to study how F-pseudo-effective 
divisors behave under birational pull-backs, we need to be careful about 
how V intersects the exceptional centers of the map. The most general 
situation is the following. 

Definition 2.9. Let X be a normal variety and V a subvariety of X. Sup- 
pose that (p : Y ^ X is a birational map and that is a subvariety of Y 
such that the induced map (plw '■ W ^ V is generically finite. We say that 
{Y,W) or (j) : {Y,W) iX,V) is an admissible model for {X,V). When 
both Y and W are smooth, we say that {Y, W) is a smooth admissible model. 

The disadvantage of admissible models is that in many circumstances we 
need to keep track of the degree of 4>\w- Since we want to focus on the 
birational geometry V, we will usually restrict ourselves to the following 
situation. 

Definition 2.10. Let X be a normal variety and V a subvariety not con- 
tained in Sing(X). Suppose that (p : X ^ X is a birational map from a 
normal variety X such that V is not contained in any ^-exceptional center. 
Let V denote the strict transform of V. We say that {X,V) or cj) : X ^ X 
is a y-birational model for {X,V). When both X and V are smooth, we 
say that {X, V) is a smooth ^-birational model. 

Suppose that ^ is a subvariety not contained in Sing(X) and (p : {Y, W) — )• 
(X, V) is an admissible model. By Proposition 12.51 the pull-back of a V- 
pseudo-effective divisor under cj) is VF-pseudo-effective. If (/> is a F-birational 
model, then more is true: 

Proposition 2.11. Let X be a normal variety and V a subvariety not con- 
tained in Sing(X). Suppose that (j) : X ^ X is a V -birational model. If L 
is a V-big divisor then (f)*L is a V-big divisor. 

Proof. F-pseudo-effectiveness of L implies that (j)*L is ^-pseudo-effective. 
By openness of the l^-big cone, it suffices to check that (/)*H is V-hig for an 
ample divisor H on X. Let ip : Y ^ X he a smooth model such that ip is 
an isomorphism away from Sing(X). Note that for some sufficiently small 



'il;-'^B+{<j)*H) = '^-^Bm((1 - e)(l)*H) by [ELM+On] Corollary L6 
= BK((l-e)rr^) 

But clearly 'B^(^*<j)* H) is contained in the (0 o ^/;)-exceptional locus. Thus 
B^{(j)*H) is contained inside the union of the ^-exceptional locus and Sing(X). 
In particular it does not contain V. □ 
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2.4. Restricted Volume. Just as the volume measures the asymptotic rate 
of growth of sections, the restricted volume measures the rate of growth of 
restrictions of sections to a subvariety V. This notion originated in the 
work of Hacon-M'^Kernan and Takayama and is systematically developed in 
[ELM+n9j . 

Definition 2.12. Suppose that X is a normal variety, is a d-dimensional 
subvariety of X, and L is a divisor. We define 

H'>{X\V,Ox{im ■.= lm{H\X,Ox{lmL\)) ^ H'>{V,Ov{lmL\))) 

and h^{X\V,Ox{[L\)) to be the dimension of this space. We then define 
the restricted volume volx\v{L) to be 

volx\v{L) ■■= hmsup -j— . 

m— >oo m I a\ 

Remark 2.13. Although this definition of volx|y is formulated differently 
from that of [ELM"*" 09 , the two definitions agree (whenever the restricted 



volume is defined in ELM"*" 09] ). An elementary argument proves that 
wo\x\v is homogeneous of degree d, so that Definition 12.121 agrees with the 
definition in ELM"*" 09] for Q-divisors. In particular, volx|y is a continuous 



function on the space of l^-big Q-divisors. Using this fact, one readily checks 
that Yo\x\v is continuous on the set of F-big M-divisors by perturbing by 
ample divisors, and thus coincides with the definition of [ELM^09] . 

As with the other quantities we consider, the restricted volume is a 
numerical and birational invariant. More precisely, jELM"'"09 Theorem 



A shows that if L and L' are numerically equivalent V^-big divisors then 
\o\x\v{I-') = ^o\x\v{L')- Furthermore, [ELM"*" 09] Proposition 2.4 proves 
that the restricted volume remains unchanged upon pulling back to an ad- 
missible model. 

2.5. Twisted Linear Series. It was observed by litaka that linear series 
of the form | \mL\ + A\ play an important role in governing the numerical 
behavior of L. Due to the presence of the auxiliary divisor A, we call these 
"twisted" linear series. In this section we recall the work of |Nak04] analyzing 
the asymptotic behavior of twisted linear series. 

Definition 2.14. Let X be a normal variety, L a pseudo-effective M-divisor, 
and A any divisor. If H^{X, Ox{\jnL -|- ^J)) is non-zero for infinitely many 
values of m, we define 



Kcf{L; A) := max < A; € 



^>o 



h\X,Ox{[mL + A\)) ^ ^ 
hm sup — ^ ^ > 



Otherwise we define Kfj{L]A) = — oo. The cj-dimension Ka{X,L) is defined 
to be 

Kfj{L) := max{KCT(L; A)}. 
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Note that this maximum will be computed by some sufficiently ample 
divisor A. Thus, we restrict our attention to the case when A is an ample 
Z-divisor from now on. 

Remark 2.15. As we increase m the class of the divisor [mL] — \mL\ is 
bounded. Thus if we replace [—J by [— ] in the definition of HaiL), the 
result is unchanged as the difference can be absorbed by the divisor A. 

Remark 2.16. |Nak04] asks whether Ka{L) coincides with 

• K~{L), where we replace the limsup by a liminf. 

• K'^{L), where we replace > by < oo. 

The equality of these three notions is a consequence of Theorem 16.71 ([7]) . 

|Nak04| shows that birational and numerical invariant. In fact, 

since is one of the many equivalent definitions of the numerical dimension, 
it satisfies all of the properties of Theorem 16.71 The following key result 
shows that k^j is non- negative for pseudo-effective divisors. 

Proposition 2.17 ( |Nak04| . Corollary V.1.4). Let X be a smooth variety 
of dimension n. Fix a big basepoint free divisor B on X . Then a divisor 
L is pseudo-effective iff h^{X,Ox{Kx + {n + 2)B + [mL])) > for every 
m >0. 

Proof. [Nak04j Corollary V.1.4 shows a similar statement for B very ample. 
We explain how to extend the argument to the case when B is big and 
basepoint free. The main point is to show that there is an effective divisor 
D = (n + 1)B + \mL~\ such that J{D) has an isolated point. There is an 
effective divisor E = B + \mL~\ . Choose a general point x that does not lie 
in Supp(£^) U B+(i?). Let Bi, . . . , B^-i G \B\ be irreducible smooth divisors 
going through x. Since B is big, by choosing the Bi sufficiently general 
we may ensure the intersections of any collection of at most n of them has 
the expected dimension. Thus := ^ ^Bi + E has multiplicity n at x 
and less than 1 in a neighborhood of x. By [Laz04] Propositions 9.3.2 and 
9.5.13, J{D) has an isolated point. The proof then proceeds as in |Nak04j 
Corollary V.1.4. □ 

3. DiVISORIAL ZARISKI DECOMPOSITION 

The divisorial Zariski decomposition is a higher-dimension analogue of the 
classical Zariski decomposition on surfaces. It was introduced by |Nak04] 
and by jBou04j in the analytic setting. 

Definition 3.1. Let X be a smooth variety and let L be a pseudo-effective 
divisor. Fix an ample divisor A on X. For any prime divisor F on X we 
define 

crr(L) = lim inf{multr(L')l^' ^9. L + eA and L' > 0}. 
By |Nak04] Lemma III. 1.5 this definition is independent of the choice of A. 
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|Nak04] Lemma III. 1.7 shows that for any pseudo-effective divisor L there 
are only finitely many prime divisors T with ar{L) > 0. Thus, we can define: 

Definition 3.2. Let X be a smooth variety, L a pseudo-effective divisor. 
We define: 



The decomposition L = N(j[L) + Pa{L) is called the divisorial Zariski de- 
composition of L. 

The following proposition records the basic properties of the divisorial 
Zariski decomposition. The key point is that Pa{L) captures all of the 
interesting geometric information about L. 

Proposition 3.3 ( |Nak04] . Lemma IIL1.4, Corollary IILl. 9, Theorem V. 1.3). 

Let X he a smooth variety, L a pseudo-effective divisor. 

(1) N„{L) depends only on the numerical class of L. 

(2) nJ^L) > and k{N„{L)) = 0. 

(3) Supp(iVo-(I/)) is precisely the divisorial part ofB^i^L). 

(4) H^{X,Oxi[mP^{L)\)) H°{X,Ox{lmL\)) is an isomorphism for 
every m > 0. 

Note that N(j[L) = iff B_(L) has no divisorial components. This simple 
observation leads to a different perspective on the divisorial Zariski decom- 
position. 

Definition 3.4. Let X be a smooth variety. The movable cone Mov {X) C 
CD{X) is the cone consisting of the classes of all pseudo-effective divisors 
L such that B_(L) has no divisorial components. 

The positive part Pa{L) of the divisorial Zariski decomposition can be 
understood as a "projection" of L onto the movable cone. We will need 
a slightly modified version of |Nak04| Proposit ion in. 1.14 that takes into 
account a sub variety V. 

Proposition 3.5. Let X be smooth, V a subvariety, and L a V -pseudo- 
effective divisor. If M is a movable divisor then L >y M iff Pcj{L) >v M. 
Thus L — M is V-big (resp. V -pseudo-effective) iff PaiL) — M is V-big 
(resp. V -pseudo-effective). 

Proof. First suppose that Pa{L) >y M . Since L is F-pseudo-effective, no 
component of Nfj{L) contains V. Thus L >y M. Conversely, suppose 
L = M + E with E >v 0. Since M is movable, N^{L) < E by |Nak04j 
Proposition III. 1.14. Thus E — Nu{L) is still effective and does not contain 
V in its support, showing that P(t{L) >y M. 

Suppose now that L — M is F-big. Choose an ample divisor A sufficiently 
small so that L — M — A is l^-big. By Lemma 12. 8^ there is some D ~k 
L — M — A such that D >y 0. Applying the first step to L — D shows that 
P^{L) - L + D = P^ - M - A is y-pseudo-effective, so that P^{L) - M 
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is y-big. The converse is straightforward. The analogous statement for 
y-pseudo-effectiveness follows by taking limits. □ 

3.1. Birational Properties. Although the divisorial Zariski decomposi- 
tion is not a birational invariant, its birational behavior is relatively nice. 

Proposition 3.6 ( |Nak04j . Theorem III.5.16). Let (p : Y ^ X be a bira- 
tional map of smooth varieties and let L be a pseudo-effective divisor on X. 
Then N„{(/)*L) — (j)*N(j{L) is effective and (j)- exceptional. 

L is said to admit a Zariski decomposition if there is a birational map 
(/) : y — > X from a smooth variety Y such that Pa{(j)*L) is nef. An impor- 
tant example due to Nakayama ( jNak04| . Section IV. 2) shows that Zariski 
decompositions do not always exist. Nevertheless, there is a sense in which 
the positive part Pa{(f)*L) becomes "more nef" as we pass to higher models 
(j) : Y ^ X. We will give two versions of this fact. In the first, we consider 
a y-big divisor L. 

Proposition 3.7. Let X be smooth, V a subvariety, and L a V-big divisor 
with L >v 0. Then there is an effective divisor G so that for any sufficiently 
large m there is a model (pm : X^ — > X centered in B+(L) and a big and 
nef divisor N^a on Xm with 

PM^L) + 

where Vm denotes the strict transform of V on Xm ■ 

The second version handles ^-pseudo-effective divisors L. Although the 
statement is slightly more technical, the additional flexibility will be useful 
later on. 

Proposition 3.8. Let X be smooth and let L be a pseudo-effective divisor. 
There are birational maps (j)m ■ Xm — > X centered in B_(L), an ample 
Z-divisor A, and an effective divisor G satisfying the following condition. 
Suppose that V is a subvariety of X not contained in B_(L). Then there is 
some Gy ~q G and for every m there is an effective divisor Dm ~ \mL~\ +A 
and a big and nef divisor Mm^Dm such that 

Mm^D^ <y^ PM*mDm) <y^ Mm,D^ + <P*mGv 

where Vm denotes the strict transform of V on Xm ■ We may furthermore 
assume that A + D is ample for every D supported on Supp(L) with coeffi- 
cients in the set [—3,3]. 

Proposition 13.71 is equivalent to the following comparison between asymp- 
totic multiplier ideals and base loci. It is the analogue for M-divisors of 
|Laz04j . Theorem 11.2.21. Note that the theory of asymptotic multiplier 
ideals for big M-divisors works just as in the case of Q-divisors. 
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Lemma 3.9. Let X he smooth and let L he a hig divisor on X. Fix a 
very ample "L- divisor H on X such that H + D is ample for every divisor 
D supported on Supp(L) with coefficients in the set [—3,3]. Suppose that 
b is a sufficiently large positive integer so that [bL\ — {Kx + (n + l)H) is 
numerically equivalent to an effective divisor G. Then for every m > b 
we have 

J{\\mL\\)0Ox{-G) C b(ILmLJI). 

Proof The condition on H guarantees that for m >b we can write 

[mLj - G= [mLj - [bL\ +Kx + {n + l)H 
= ((m - b)L + A) + Kx + nH 

for some ample M-divisor A. By applying Nadel vanishing and Castelnuovo- 
Mumford regularity, we find that 

Ox{[mL\) ^ (Oxi-G) (g) J{\\{m - b)L\\)) 

is globally generated for m > b. Since j7'(||mL||) C J'{\\{m — b)L\\), this 
proves the theorem. □ 



Proof of Proposition 3. ? ■ Fix a very ample Z-divisor H and an integer b as 
in Lemma 13.91 Thus, for any m>b we have 

Ji\\mL\\)^Ox{-G) C b(ILmLJl). 

Recall that G can be chosen to be any effective Z-divisor numerically equiv- 
alent to [hL\ — {Kx + (n + 1)H). In particular, for b large enough, the base 
locus of |G| is contained in B+(L). Since this set does not contain V, we 
may ensure that G >v 0- 

Let (pm '■ Xm X he a, resolution of the ideals b(| [mL\ |) and j7'(||mL||). 
Note that each (j)rn is centered in B+(L). We write 0,^^b(|[mLj|) • Oy^ = 
Oy^i-Em) and </.„ij(||mL||) • Oy^ = Oy„(-F„). We also define the big 
and nef divisor ■= mcp^L — — 

We know that Fm + — for all sufficiently large m. Let M = 

X]dcSupp(l) ^ be the sum of the components of Supp(L). Replacing G by 
G + M allows us to take into account the fractional part of mL so that 

Em 

+ (l)*^G >Era + 0™{mL}. 
Note that still G >v 0. Since L is IZ-big we know that E„i >,7 0. 

Thus, the inequality in the eq uation abo ve is a l^-inequality. Further- 
more Nfy{m(t)*^L) >y Em by [ELM"'"05] Proposition 2.5. In all, we get 
Pa{m(t)*^L) <y Mm + (pm^- Dividing by m and setting Nm '■= Mm/rn 
yields P^{(l)*mL) <y^ Nm + ^^mG. The inequality Nm <y^ PM*mL) fol- 
lows from Proposition 13.51 and the fact that Em + (pml^E} >y 0. □ 

Proof of Proposition \3.8[ Fix very ample divisors H and G. By Theorem 
12.41 there is an ample Z-divisor A such that Bs(| [mL] -|- ^|) C B_(L) for 



COMPARING NUMERICAL DIMENSIONS 



13 



every positive integer m. We may assume that A is sufficiently ample so 
that: 

• [mL] + A — Kx — {n-\-l)H is numerically equivalent to an effective 
divisor Gm for every m > 0, and 

• A + D IS ample for every D supported on Supp(L) with coefficients 
in the set [—3, 3]. 

Choose D ~ [ttiZv] + A so that Dm 0- Note that we can apply Propo- 
sition [3]7] to Dm using Gm our choice of effective divisor (since Dm is an 
integral divisor, there is no need to set conditions on the ampleness of H 
along the components of Dm)- In particular, for every positive integer m 
choose an em > such that G — emGm is ample. Proposition 13.71 constructs 
a birational map : Xm — > X and big and nef divisors Mm,Dm such that 

Since G — emGm is V^-big, we may replace G by some Q-linearly equivalent 
divisor Gy so that 

□ 

4. The Restricted Positive Product 

Fujita realized that one can study the asymptotic behavior of sections 
of a big divisor L by analyzing the ample divisors sitting beneath L on 
higher birational models. The positive product (developed in jBou04j and 
|BDPP04] ) is a construction that encapsulates this approach to asymptotic 
behavior. 

In this section we will discuss the restricted positive product (Li • L2 • . . . • 
^k)x\v of |BFJ09) . In contrast to the usual intersection product Li ■ L2 ■ 
. . . ■ Lj^-V , the restricted positive product throws away the contributions of 
the base loci of the Lj. The result is a numerical equivalence class of cycles 
on V that gives a more precise measure of the positivity of the Li along V . 

4.1. Definition and Basic Properties. In this section we review the con- 
struction of the restricted positive product in |BFJ09| . Throughout we will 
use the intersection product of |Ful84j . We will use the following notation: 

Definition 4.1. Let X be a normal variety. Suppose that ^ is a subvariety 
of X and that [L] G CD{X). We wih let [L\\y denote the image under the 
restriction map GD^{X) CD^{V). 

Note that if L is a divisor such that Supp(L) V then [L\y] = [L]\y. 

Definition 4.2. Let X be a normal variety variety of dimension n. Suppose 
that K, K' are two classes in N^{X). We write K ^ K' ii K—K' is contained 
in the closure of the cone generated by effective cycles of dimension n — k. 

We will often use the following basic lemma. 
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Lemma 4.3 ( |BFJ09| . Proposition 2.3 and Definition 4.4). Let X he a 

smooth variety and let V he a suhvariety of X. Suppose that Ni, . . . , Ni^ and 
N[, . . . , N'^ are nef divisors on X satisfying Ni >v Then 

Theorem 4.4 ( |BF J09) .Lemma 2.6 and Lemma 2.7). Let X he a normal 
variety, V a suhvariety not contained in Smg{X), and Li,...,Lk V-hig 
divisors. Consider the classes 

where (j) : {X,V) — )• {X,V) varies over all smooth V-hirational models, 
the Ni are nef, and Ei := (t)*Li — Ni is a Q-divisor satisfying Ei >^ 0. 
These classes form a directed set under the relation ^ and admit a unique 
maximum under this relation. 

Remark 4.5. Although |BFJ09| only proves this when V is a. prime divisor 
in X, the proof works without change in this more general situation. 

The restricted positive product is defined as the maximum class occurring 
in the previous theorem. 

Definition 4.6. Let X be a normal variety and let y be a suhvariety not 
contained in Sing(X). Let Li, L2, . . . , Lfc be F-big divisors. We define the 
cycle 

{Li-L2- ...■Lk)x\v ^N'^iV) 

to be the maximum under ^ over all smooth IZ-birational models (p ■ {N, V) — )■ 
(X, V) of 

MNi-N2-...-Nk-V) 

where the Ni are nef and Ei := 4'*Li — Ni is a Q-divisor satisfying Ei >y 0. 
In the special case X = V, we write (Li ■ L2 ■ . . . ■ Lk)x- 

In fact, |BFJ09j Proposition 2.13 shows that the definition is unchanged 
if we allow Ei to be a ^-pseudo-effective M-divisor. The restricted positive 
product satisfies a number of important properties. 

Proposition 4.7 ( |BF J09j .Proposition 4.6). As a function on the k-fold 
product of the V-hig cone, the restricted positive product is continuous, sym- 
metric, homogeneous of degree 1, and super-additive in each variahle in the 
sense that 

{{L + L') ■ L2 ■ ■ ■ ■ ■ Lk)x\v h {L ■ L2 ■ . . . ■ Lk)x\v + {L' ■ L2 ■ ■ ■ ■ ■ Lk)x\v- 

Since the product is continuous, this allows us to define a limit as we 
approach the pseudo-effective cone. 

Definition 4.8. Let X be a normal variety, V a suhvariety not contained 
in Sing(X), and Li, L2, ■ ■ ■ , Lk 1^-pseudo-effective divisors. For each i fix a 
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sequence of F-big divisors Bij converging to as j increases. We define the 
class 

(Li • L2 • . . . • Lk)x\v = lim ((^1 + Bij) ■ {L2 + B2j) ■ . . . ■ [Lk + Bk.j))x\v- 

Note that this hmit is independent of the choice of the Bij since by super- 
additivity any two choices are comparable under ^. 

We will sometimes abuse notation by allowing the restricted positive prod- 
uct to take numerical classes as arguments rather than actual divisors. Since 
the restricted positive product is compatible under pushforward, we can ex- 
tend the definition to arbitrarily singular varieties in the following way. 

Definition 4.9. Let X be an integral variety and let (/> : y — >■ X be a 
smooth model. For [Li], . . . , [L^] G CD{X) we define 

([Li] • . . . • [Lk])x := M^*[Li] • . . . • r M)y- 

Even though the restricted positive product is continuous along the V-big 
cone, it is only semi-continuous along the ^-pseudo-effective boundary in 
the sense that if Ljj- is a sequence of F-pseudo-effective divisors whose limit 
is Li then 

(Li • . . . • Lk)x\v ^ li™ ■ . . . ■ Lkj)x\v 

As noted in |BFJ09j . it is most natural to consider the restricted pos- 
itive product as the set of classes {{(p*Li • . . . • (p* L)^) j^^y} on all smooth 

F-birational models (j) : X ^ X, or in other words, as a class on the 
Riemann-Zariski space of V. Although we will not develop this principle 
systematically, this idea appears implicitly as some theorems will only hold 
upon taking a limit over all sufficiently high birational models. 

Since the restricted positive product should be considered as a birational 
object, the class in N^'CV) may not be closely related to the geometry of 
L and V. The class {Li ■ . . . ■ Lk)x\v seems to be most interesting in the 
following two situations. 

Example 4.10. When X is smooth {L)x is the numerical class of P(j{L). 
It suffices to check this when L is big. Recall that for any birational map 
(j) : Y ^ X from a smooth variety Y we have (j)^:Pa{4>* L) = P„{L). Thus, 
choosing an effective divisor G as in Proposition [321 result of the propo- 
sition implies that for any e > we have {L)x ^ [Po-(L)] :< {L + eG)x- 
Letting e — > demonstrates the equality. 

Example 4.11. Consider {Li ■ ... ■ Lfi)x\v where d = dimy. Since the 
restricted positive product is compatible under pushforward, deg((/)*Li • . . . • 
(j)*Lii)^^y is independent of the choice of ^/-birational model {X, V) by the 
projection formula. In fact, we have 

Proposition 4.12 ( [ELM+09j . Proposition 2.11 and Theorem 2.13). Let X 



he a smooth variety, V a d-dimensional subvariety, and L a V-big divisor. 
Then deg{L'^)x\v = ^olx\v{L)- 
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4.2. Properties of the Restricted Positive Product. In this section 
we study the properties of the restricted positive product. The main goal of 
the section is to show that the restricted positive product can be interpreted 
as the usual intersection product of Pa {(I)* Li) if we take a limit over all 
birational models (p. The advantage of this viewpoint is that it gives us a 
natural interpretation of the restricted positive product along the boundary 
of the pseudo-effective cone. 

We first show that the restricted positive product has a natural compat- 
ibility with the divisorial Zariski decomposition. 

Proposition 4.13. Let X be a smooth variety, V a subvariety, and Li, . . . , 
V -pseudo-effective divisors. Then 

(Li • . . . • Lk)x\v = (PALi) • . . . • Pa{Lk))x\v- 

Proof. First suppose that the Lj are l^-big. Since any nef divisor is movable, 
Proposition 13.51 shows that for any of the Ni as in Definition 14.61 we have 
Pai4>*Li) >y Ni. We also know that Na{(t)*Li) >y (t)*Na{Li) since V is not 
contained in B_(Lj). Combining the two inequalities yields 

(l^*Pa{Li) >y Ni. 

Thus the classes (Li • . . .■Lk)x\v {Pa{Li) ■ . . .■ Pa{Lk))x\v computed 
by taking a maximum over the same sets, showing that they are equal. 

Now suppose that the Li are only ^-pseudo-effective. Fix an ample divisor 
Aon X. Note that 

Pa{L + eA) - Pa{L) = eA + (N^iL) - Na{L + e.4)) 
is y-big. As e goes to these F-big classes also converge to 0. Thus 

{Pa{Li) • . . . • Pa{Lk))x\v = lim(P,(Li + eA) ■ . . . ■ P^^Lk + eA))x\v 
Applying the F-big case to the right-hand side finishes the proof. □ 

The following proposition of jBFJOQj compares the restricted positive 
product of the Lj along V with the positive product of the restrictions 
Li\v- |BFJ09 ) only proves the statement when the Li are V-big, but the 
proposition extends to the ^-pseudo-effective case by taking limits. 

Proposition 4.14 ( [BF J09j . Remark 4.5). Let X be a smooth variety, V a 
subvariety, and Li, . . . ,Lk V -pseudo-effective divisors. Then 

{L^-...-Lk)x\v<{[Li]\v.---[Lk]\v)v. 

By combining Propositions 14.131 and 14.141 we obtain 

(Li • . . . • L^,)x\v < <PAPM*Li)]\v ■■■■■ [PA^*Lk)]\y)y 

where (p : {X,V) — )• {X,V) is any F-birational model. The main theorem 
of this section states that by taking a limit over all birational models the 
right-hand side approaches the left. 
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Theorem 4.15. Let X be a smooth variety, V a subvariety, and Li, . . . , 
V -pseudo-effective divisors. Fix an ample divisor A. Then for any e there 
is some V-birational map (p : {X,V) — )• {X,V) such that 

ct).{[PML^)]\y [P,{(t)*Lk)]\y)y ^ (Li • . . . • Lk)x\v + • V. 

Proof. First suppose the Lj are T^-big. By Lemma [2 .81 we may replace the Lj 
by some M-hnearly equivalent divisors to ensure that Li >y 0. Proposition 
13.71 then yields an effective divisor Gi such that for any m there is a V- 
birational model (j) : Xm X with 

^ ^ m 

for some nef divisors Nm,i ■ Fix some ample divisor A on X such that A — Li 
and A — Gi are ample for every i. By Lemma 14.31 there is some constant C 
such that 

0m*([P<x(C^l)]lv^-. . .■[PAKM)]\i^)i^ ^ M^raX- ■ ■■Nn.,k-V) + ^A'' -V. 

Now suppose that the Li are only ^-pseudo-effective. We first choose an 
ample divisor LI so that 

((Li + i/) ..... (Lfc + H))j,^y ^ (Li • . . . • Lk)x\v + • V. 

Construct a model (J) by applying the F-big case to the Li-\-H and e/2. Since 
Pa{(l)*{Li -\- H)) — Pfj{(j)*L) is F-pseudo-effective, the conclusion follows. □ 

Corollary 4.16. Let X be a smooth variety and let Li, . . . ,Lk be pseudo- 
effective divisors. There is a sequence of birational maps (pm '■ ^ cen- 
tered in UjB_(Li) such that for any subvariety V not contained in UiB_(Lj) 
we have 

(Ll • . . . • Lk)x\V = J^^'i^ni*{[Pa{(l)*mLi)]\y^ [P„{(j)*^Lk)]\yJ y^ 

Proof. Fix a sequence of birational maps (pm, an ample divisor A, and an 
effective divisor G as in Proposition 13.81 for each of the Li simultaneously. 
The proposition constructs divisors Z)m,i = [j^^i] + A and big and nef 
divisors Mm,i,Dm » such that 

M„,,,B„^ <y^ P,{P*^Dm,^) <y^ Mm,i,D^,,+<P*mGv. 

Just as in the previous proposition we have 

lim -^(l)m*{Mm,l,D^ 1 ■ ■■■■ M^k,D^ k " ^rn) 
m^oom ' 

— 1™ — i:{Dm,l ■ ■ ■ ■ ■ Dm,k)x\V 
m— >oo 777,"' ' 

771.— ^no m"- ; > , lit,". 
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Arguing as in the previous proof, we see that the leftmost and rightmost 
expressions converge as m increases. Recall that by our choice of A we have 
[mLj] + A — mLi is l^-big for every m. Thus 

{Li- . . . ■ Lk)x\v = lim ( —Dm,i ■ ■ ■ ■ ■ —Dm,k) 

' m~^oo \ ni m / x\v 

so that the sequence converges to the restricted positive product as desired. 

□ 

We extract a useful feature of the previous arguments as a definition. 

Definition 4.17. Let X be a smooth variety, V a subvariety, and Li, . . . , 
F-big divisors. Choose L'- ~q Li satisfying L'- >v 0. Suppose that cpm is 
a countable sequence of maps that satisfy the conclusion of Proposition 13.71 
for every L'- simultaneously. We say that the cpm compute the restricted 
positive product of the Li. 

Note that for any finite set of subvarieties Vi, . . . ,Vr we can choose 4>m 
and Nm to simultaneously compute the restricted positive product for each 
Vj. The key property of Definition 14.171 is that only countably many maps 
are needed to compute the restricted positive product. 

The restricted positive product reduces to the usual product for nef divi- 
sors. 

Lemma 4.18. Let X be a smooth variety, V a subvariety, and Li, ...,!//£ 

V -pseudo-effective divisors. 

(1) Suppose N is a nef divisor. Then 

(Li • L2 • . . . • Lfe • N)x\v = {Li-L2-...- Lk)x\v ■ N\v. 

(2) If H is a very general element of a basepoint free linear system, then 

{Li ■ L2 ■ . . . ■ Lk)x\v ■ H = (-^1 • L2 - . . . ■ Lk)x\vr]H- 

(3) If f : X ^ Z is a morphism and F is a very general fiber then 

(Li ■ L2 ■ . . . ■ Lk)x\v ■ P = (-^1 ■ L2 ■ . . . ■ Lk)x\vr\F- 

Proof. For each of these properties, it is enough to check the case when the 
Li are V-hig. 

The first property is shown in |BFJ09| . Proposition 4.7; one simply notes 
that for an ample divisor A the pull-back (p*A is already nef so that one 
may take (p*A to be the nef divisor in Definition 14.61 By taking limits as A 
approaches N we obtain the statement. 

To show the second property, consider a countable set of smooth V- 
birational models (j)m ■ Xm — X that compute the restricted positive 
product. Choose H sufficiently general so that it does not contain any cpm- 
exceptional center. Then the strict transform of y fl-ff is a cycle representing 
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the class </>^-ff • V. Thus we can identify the classes 

<Pm*{Ni-N2- ...■Nk-V)-H = cl)m*{Ni ■N2-...-Nk- (PIH ■ V) 

= cl)„,,{Ni-N2-...-Nk-\niH) 

The third property can be proved by a similar argument. One uses the 
second property inductively by pulling-back very ample divisors from Z. □ 

Corollary 4.19. Let X be a normal variety, let V be a subvariety not 
contained in Sing(X), and let Li,...,Lfc be V -pseudo-effective divisors. 
Suppose that (j) : (X, V) — t- (X, V) is a smooth V-birational model. If 
{(t)*Li • . . . • (t)*Lk) x\v / 0; i^^en {Li ■ . . . ■ Lk)x\v + 0. 

Proof. Let ^ be an ample divisor on X and let H be an ample divisor 
on X such that (j)*H > A. Since (p is l/-birational, we may ensure that 
Supp{(f)* H — A) does not contain V. Setting d = dim^, we have 

(Li • . . . • Lk)x\v ■ H''-'' = {(p*Li ^*Lk) ■ (p*H^-^ 



jd—k\ _ _ 
'X\V 

> (6*1, • . . . • 6*1,, ■ A'^-'''' ' ' 



'x\v 



^Li.....0*Lfc),.„7-^'^-'>O. 



□ 



We next consider how the restricted positive product behaves when pass- 
ing to an admissible model. 

Proposition 4.20. Let X be a smooth variety, V a subvariety, and Li, . . . ,Lk 

V -pseudo-effective divisors. Suppose that f : {Y,W) — > {X,V) is an admis- 
sible model. Then 

f*{f*Li ■ f*Lk)Y\w = deg(/|H/)(-f^i • • • • • Lk)x\v- 

Note that f*Li is W^-pseudo-effective by Proposition 12.51 

Proof. It suffices to consider the case when the Li are y-big. By Lemma 
12.81 we may suppose that Lj >y 0. Let (p^ '■ — > X be a sequence of 
F-birational models that computes (Li • . . . • Lk)x\v l^t '■ Ym — ?• Y 
be a sequence of VF-birational models that computes {f*Li ■ . . . ■ f*Lk)Y\w- 
Since the natural map (j)^ o/o'i/;^ is a morphism on the generic point of W, 
by passing to higher Vl^-birational models we may assume that Y^ admits a 
morphism fm ■ Ym — ?• X^- Note that 

By construction the pushforwards 
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converge to deg{f\w){Li ■ ■ ■ ■ ■ Lk)x\v- The same is true for the terms on the 
right hand side. Thus f^ipm*{Pa{^*rrJ*Li) ■ . . .■ Pa{'>p%,f*Lk))y^^^ converges 
to the same thing, and Proposition 14.151 finishes the proof. □ 

It is worth pointing out that Proposition 14.201 does not contradict the 
invariance of volx|v(-^) under passing to admissible models. Even if L is 
V-hig, (l)*L win not be VF-big when deg{f\w) > 1, so Proposition 14. 121 does 
not apply to W. 

Proposition 4.21. Let X be a smooth variety, V a subvariety of dimension 
d, and L aV -pseudo-effective divisor. Suppose that deg{{L'^) x\v) > 0- Then 
for a very general intersection of very ample divisors W of dimension d we 
also have deg{{L'^) x\w) > 0- 

Proof. Fix a sequence of maps (pm '■ X for L as in Corollary 14.161 

By choosing very ample divisors Hi , . . . , Hn-d very general in their linear 
systems, we may ensure that no Hi contains any ^^-exceptional center and 
the intersection TV = //i n . . . PI ffn-d is smooth of the expected dimension. 

For each i = 1, 2, . . . , n — d, choose a positive integer q so that Zv{ciH.i) 
is generated by global sections and set C = WiC^^. Note that for any V- 
birational model (j) : {Y, V) — ?> {X, V), there are Di G \ci(j)*Hi\ such that each 
Di has multiplicity at least 1 along V and Did . . .(1 Dn-k has dimension k. 
In particular for (p^ we have 

[W] = C[<j)l,CiHi] n [(t>*mC2H2] n . . . n [<j)l,Cn-dHn-d] 

where W and V denote the strict transforms of W and V on X^a- In par- 
ticular, for any nef divisor on Xm we have N'^ - W > N'^ - V, and the 
conclusion follows. □ 

5. Nakayama Constants 

Suppose that L is an ample divisor and ^ is a subvariety in X. Let 
: y ^ X be a smooth resolution of the ideal Xy and define the divisor E 
by the equation Oy{—E) = (j)~^Iv ■ C'y. The Seshadri constant 

e(L, V) := max{ r | (j)*L — tE is nef } 

measures "how ample" L is along the subvariety V . Seshadri constants 
play an important role in understanding the positivity properties of ample 
divisors. We will be interested in a related notion that can be defined for 
an arbitrary pseudo-effective divisor L. It first appears in connection with 
the numerical dimension in |Nak04] . 

Definition 5.1. Let X be a normal variety, X be an ideal sheaf on X, and 
L be a pseudo-effective divisor. Choose a smooth resolution (f) -.Y ^ X oi 



COMPARING NUMERICAL DIMENSIONS 



21 



I and define E by setting Oy{—E) = (j) ■ Oy. We define the Nakayama 
constant 

:= max{ t\4>*L — tE is pseudo-effective }. 

Of course, ? is independent of tlie choice of resolution. When Z is the 
ideal sheaf of a subvariety V, we will also denote the Nakyama constant by 
<L,V). 

One advantage of V) is that it can be positive even when L is pseudo- 
effective but not big. Thus the Nakayama constant is a more sensitive mea- 
sure of positivity than the moving Seshadri constant of |Nak03j which always 
vanishes as we approach the pseudo-effective boundary. It turns out that 
the Nakayama constant is closely related to the other notions of positivity 
we have considered. 

Remark 5.2. [ Nak04] works with a slightly different formulation of this 
concept. Nakayama's definition is equivalent to ours; the equivalence is 
demonstrated in the first paragraph of the proof of Proposition 15.31 

There is a useful criterion for non- vanishing of <j which is closer in spirit 
to Nakayama's original formulation. 

Proposition 5.3. Let X be a normal variety, Z be an ideal sheaf, and L be 
a pseudo-effective divisor. Then q{L^Z) > iff there is an ample divisor A 
on X so that for any q 

h°{X,Z^^Ox{\mL'] +A))>0 

for sufficiently large m, where Z'i denotes the integral closure ofZ'^. 

Note that we can replace [— ] by [—J by absorbing the difference into A. 

Proof. Let (p : Y ^ X denote a smooth resolution of Z and define E by 
Oy{—E) = (j)~^Z ■ Oy- Suppose that <^{L,Z) = so that m(l)*L — E is not 
pseudo-effective for any m. Let p : N^{Y) — t- V denote the cokernel of the 
inclusion R[(j)*L] N^(Y). Note that pi-E) is disjoint from p(NE^{Y)). 
Thus, there is a small ample divisor H on Y so that p{—E+H) is still disjoint 
from p(NE (Y)). In other words, m(f)*L — E + H is not pseudo-effective for 
any m. 

Let A be any ample divisor on X. Choose q so that qH — (f)*A is pseudo- 
effective. Then m(j)*L — qE -\- (j)* A is not pseudo-effective for any m. Thus, 
for any A there is a g so that 

/i°(y, OY{<i)*{[mL\ +A)-qE))=Q 

for every m. Since the class of [mL] — \rnL\ is bounded as m varies, by 
absorbing the difference into A the condition using \mL\ also fails. 

Conversely, suppose that (^{L,Z) > 0. Then for any real number 6 > 0, 
a(t)*L — bE is pseudo-effective for any a > b/<i{L,Z). By Proposition 12.171 
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(and Remark I2.15P , there is an ample divisor HonY (independent of b) so 
that 

/i°(y, OY{[c{a(j)*L - hE)\ +H))>0 
for every c > and every a > b/<;{L,Z). Choose an ample Z-divisor A > 
(/)^H. Then > > H so that 

h^{Y,OY{(f>*{\acL'] +A)- [bcE])) > 0. 

Fix an integer q and choose c so that [cftE'J > qE. Then for any m > 
bc/<^{L,I) we have 

h^{X,T^ ^Ox{\mL] +A)) > 0. 

□ 

If we are only interested in whether (,{L,X) > 0, we can replace the 
condition of Proposition 15.31 by several alternatives. We have X'^ <Z d 
1^9-^ and by the comparison theorems for symbolic powers (for example 
[SwaOOj Theorem 3.1), there is some k independent of q so that I<^'?> c X'^. 
When X is smooth, we have X^ C J{X'^) and by Skoda's theorem JiX'^) C 
•j(j-dim(x)+i £qj, sufficiently large q. Thus, the non- vanishing of q{L,X) is 
equivalent to the statement that for any q 

h\X,*^®Ox{\mL'\+ A)) > 

for sufficiently large m, where *q can be: 

• X<1>, or 

• J{X'^) when X is smooth. 

Applying the statement for symbolic powers, we immediately obtain: 

Proposition 5.4. Let X be a normal variety, V a subvariety not contained 
in Sing(X), and L a divisor. If {X, V) is a smooth V-birational model for 
(X, V), then c^{cp*L, V) > iff ?(L, V) > 0. 

The following proposition indicates that the Nakayama constant satisfies 
the usual compatibility relations. 

Proposition 5.5. Let X be a smooth variety, let L be a pseudo-effective 
divisor, and let X be an ideal such that no associated prime of X is centered 
in B_(L). Then 

(1) <j(L,X) = ?(P,(L),X) 

(2) If L is big, then ?(L,X) = max^*x^>A(;{A, cp ^X ■ Oy) where (j) :¥ ^ 
X varies over all birational maps and A is big and nef. 

Proof. (1) It suffices to show the inequality <. Let (p -.Y ^ X denote 
a smooth resolution of X and let E denote the divisor satisfying 
Ox{—E) = • Oy ■ Suppose that (t)*L — tE is pseudo-effective. 

Fix an ample AonY. For any e > 0, we find that (j)*L + eA ~ir 
tE + F for some effective F. Since Supp(£^) is not contained in the 
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diminished base locus of (/>*i, we know that N(j{(j)*L + eA) < F. 
Subtracting, we find that Pa{(j)*L + eA) — tE is pseudo-effective. 
Taking a hmit over e and noting that (f)*Pf^(L) > P„{(j)*L) completes 
the proof of the inequality. 
(2) It suffices to show the inequality <. We may also replace L by some 
Q-linearly equivalent divisor so that L > 0. Fix an effective ample 
divisor H on X. Proposition 13.71 indicates that there are birational 
maps 4>m and big and nef divisors Nm satisfying Nm < Pa{<l^m^) ^ 
+ The expression on the right hand side can be made 

arbitrarily close to c^{Pa{L), ■ Oy)- By (1) this equals q{L,Z). 

□ 

|Nak04] shows that ?(L, V) is controlled by what happens to a very general 
subvariety of dimension equal to dim(y). 

Proposition 5.6 ( [Nak04| . Lemma V.2.21). Let X he a smooth variety of 
dimension n and let L he a pseudo-effective divisor. Suppose there is a 
d-dimensional subvariety V such that <^{L, V) = 0. Then there is a very 
ample divisor H so that any complete intersection W of (n — d) very general 
elements of \H\ satisfies <j(L, VF) = 0. 

6. The Numerical Dimension 

Our goal in this section is to show that the different definitions of the 
numerical dimension coincide. We start by giving an example of effective 
divisors that are numerically equivalent but have different litaka dimensions. 

Example 6.1. We give an example of a threefold X and effective divisors 
L,L' such that L = L' but n{L) ^ k{L'). Fix an elliptic curve E and 
consider S = E x E with projection maps pi and p2- Let F be a fiber of pi. 
Choose a degree divisor T on E that is non-torsion and define N = p^T. 
We have k{F) = 1 and k{F + N) = -oo. 

Let X be the P^-bundle ¥s{Os®Os{F + N)) with the morphism -k : X ^ 
S. Define L to be the section P5'(C'5') and define L' = L — 7r*N. Note that 
L and L' are numerically equivalent. By identifying the pushforwards of 
Ox{mL) with symmetric powers of Os Os{F + N) we see that = 0. 
Similarly, since Ox{L') can be realized as the relative dualizing sheaf of 
¥s{Os{-N) e Os{F)), we see that k{L') > k{F) = 1. 

We first prove Theorem 11.11 for smooth varieties X. For convenience we 
arrange the definitions in a more suitable order. Definition (1) in the follow- 
ing theorem is the definition of numerical dimension in [BDPP04] . while (5) 
and (6) correspond to Ka{L) and Ku{L) (by Remark I5.2p in |Nak04j . Note 
that we allow varieties W C Supp(L) at the slight cost of using numerical 
restrictions in (4). 



24 



BRIAN LEHMANN 



Theorem 6.2. Let X be a smooth variety and let L be a pseudo- effective 
divisor. In the following, A will denote some fixed sufficiently ample 7L- 
divisor and W will range over all subvarieties of X not contained in B_(L). 
Then the following quantities coincide: 

(1) max{fcGZ>oKi.'=)x /O}. 

(2) max{dimW|(L'ii™^)x|vK > 0}. 

(3) max{dimVF| lime_s>o volx|vy(-^ + > 0}- 

(4) max{dimW"|inf<^vol^([P^(0*L)]|^) > 0} where : {X,W) ^ {X,W) 
ranges over W-birational models. 

(5) max I fc G Z>o lim sup^^^^ m^^^"^^'' > ^ } • 

(6) mm {dim W\^{L,W) = 0}. 

By convention, if L is big we interpret this expression as returning 
dim{X). 

(7) max{A; G Z>o| 3C > such that Ct""-^ < vol(L + tA) for all t>0}. 
We call this common quantity the numerical dimension of L and denote it 
by ux{L). It only depends on the numerical class of L. 

We will prove Theorem 16.21 using a cycle of inequalities. The equivalence 
of (1) - (4) is an easy consequence of the properties of the positive product 
and the inequality (5) < (6) was proved in [Nak04j . Proposition V.2.22. The 
other inequalities will require more work. 

Proof. (1) = (2). Let Hi, . . . , IIfi_k represent very general elements of a very 
ample linear system. Since {L^)x is in the closure of the cone generated by 
effective cycles, it is non-zero if and only if {L^)x • Hi ■ . . . ■ -ff^-fc > 0. By 
Proposition l4.18l this is equivalent to {L^)x\Hin...nHa-k ^ ^' Thus (1) < (2). 
By Proposition 14.211 the same argument in reverse shows that (2) < (1). 

(2) = (3). Proposition 14.121 shows that the conditions set on W in (2) 
and (3) are the same. 

(3) = (4). Proposition 14.121 allows us to translate between restricted 
volume and the restricted positive product in the F-big case. Thus, Theorem 
14.151 implies that 

yo\x\wiL + eA)= inf volp^,([P.(</.*(L + e^))]|^) 

where (j) '■ {X, W) — )• {X, W) varies over T^-birational models. Consider 
limvolx|i^(^ + eA) = lim inf vol^([P^((/>*(L + eA))]\^). 

Note that on any model vol:^ {[Pa {4'*{L + eA))]\-^) is non-decreasing and 
continuous as a function of e. Thus, on the right hand side we may commute 
the limit with the infimum. 

(4) < (5). The first step is to show that there is some ample divisor on W 
whose pullback lies beneath each restriction P„{(p* L)\-^. Using this ample 
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divisor we find a lower bound for the growth of sections of a certain twisted 
Hnear series on W. The last step is to prove a lifting theorem for twisted 
linear series to conclude that ( [mL\ + A) satisfies the necessary growth 
conditions. 

Lemma 6.3. Let X be a smooth variety of dimension n, L a big divisor and 
N a general element of a big basepoint free linear system. Then vol{L—N) > 
vol(L) - n volx|Af(-^^)- 

The easiest way to demonstrate this is to appeal to the results of |BFJ09j . 

Proof. Let a = sup^gjo^ijjL — tN is pseudo-effective}. Note that 1 > a and 
since L is big we have < a. We will prove the stronger result vol(L — A^) > 
vol(L) — navolx\N{Li). 

By [BFJ09j Corollary C the function vol is continuously differentiable on 
the big cone. More precisely, for t G (0, a) we have 

-f-vol(L - tN) = -nvolxmiL - tN) 
dt ' 

Note that volj\:|Af(-^ — tN) < volx|Af(-^^) for any t > 0. Thus for every 
t £ (0, a) there is an inequality 

^vol(L - tN) > -nvolx\N{L). 

Integrating both sides over t € [0, q], we obtain vol(L — aN) > vol(L) — 
navolx|^(L). But if a 7^ 1, then vol(L — aN) = = vol(L — N), finishing 
the proof. □ 

Lemma 6.4. Let W be a smooth variety. Suppose that for every smooth 
birational model (p : W —> W we associate a divisor L^ so that for any 

birational map ip : W ^ W we have ip*L^ > L^. Suppose furthermore 
that 

inf vo1(L;t;) > 0. 
w 

There is some ample divisor H onW and some constant e such that yo\{L^ — 
4>*H) > e for every (j). 

Note that vol{L^) > vol(L^) for every higher model W. 

Proof. For convenience set n = dim(VF) and r = infvol(L^). Fix a very 
ample divisor H on W. It suffices to show that there is some constant k 
such that for any smooth model (j) : W ^ W there is an H' = H so that 

vol (l^ - l^*H'^ > r/2. 

Choose a prime very ample divisor H' = H sufficiently general so that Tp*H' 
is equal to the strict transform of H' . Note that 
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and by [ELM"*" 09] Lemma 2.4 the latter quantity is equal to volvy|H'(-^w^)- 
Choose some constant k so that 

jYolw\H'{Lw) < 77-- 
k ' In 

(Note that by |BFJ09j Proposition 4.8 k is independent of the choice of H' , 
and thus also independent of the choice of W .) Lemma 16.31 implies that 

vol(A;L^ - <P*H') > Yo\{kL^) - n vol^|^.^,(A;L^) 

> Yo\{kL^) - nvol^|_^.^,(A;(^*Lvy) 

Rescaling the above expression by k we find 

vol - ^0*^') > vol(L^) - ^ vol^|^,^,(ri>w-) > t/2 
proving the claim. □ 
In our situation, we find: 

Corollary 6.5. Assume that W is a very general intersection of very ample 
divisors such that inf^ vo1,^(Pct((?!»*L)|^) > where (p : {X ,W) {X,W) 
varies over all W -birational models. Then there is an ample divisor H on 
W so that for any W -birational model 4> : X ^ X we have 

vol^{PM*L)\^-<l>*H)>0. 

Proof. Consider the set of divisors Pa{4>* L)\^. Since Na{(f)*L) >^ 0, they 
satisfy the comparison condition of Lemma 16.41 By assumption the inf 
condition of Lemma 16.41 also holds. The lemma yields an appropriate ample 
divisor H on W. □ 

Our next goal is a lifting theorem for twisted linear series. 

Proposition 6.6. Let X be a smooth variety and let L be an effective di- 
visor. Suppose that N is a big and nef divisor satisfying < N < L such 
that N has simple normal crossing support. Let \B\ be a basepoint-free lin- 
ear system defining a birational morphism on X. For sufficiently general 
elements Bi, . . . , Bf. € \B\ we have an inequality 

h°iW,Ow{Kw+\N\w]+A\w) < h'^{X\W,Ox{Kx + \L-]+Bi+. . .+Bk+A)) 

where W is the complete intersection BiCi. . .CiBk and A is any nefL-divisor 
on X. 

Proof. For convenience define Wj := -Bifl. . .H-Bj and Mj := + . . . + -Bfc. 
Note that since the Bi are sufficiently general we may assume that each Wj is 
smooth, that ^Wj 0) a-nd that N\\y. has simple normal crossing support. 
Note furthermore B is big and nef, so that Mi\yY- is also a big and nef divisor 
for any i and j. 
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Kawamata-Viehweg vanishing implies that we have surjections 
H\W,,OwAKw. + + {A + Mi)\wd) ^ 

Furthermore since >Wi for every i we have [A^liyJ liv^+i > [-/Vjiyj^.!] • 
Thus by induction we obtain 

h\X\Wi, Ox{m+{Kx + A + Bi + ... + Bk))) 

> h'^iW,, OwA\N\w,] +{Kx + A + Bi + ... + Bi,)\w,)). 

When i = k, we obtain the desired statement. □ 

We now finish the proof of the inequahty (4) < (5). Set k to be the value 
of (4) . Fix an ample divisor A on X as in Theorem 12.41 so that for any m 
there is an ~ [mL] + A such that Lm > 0. 

For each Lm, we can apply Proposition 13 . 71 to find an effective divisor Gm, 
a countable sequence of maps (pi^m, and a big and nef divisor Ni^m satisfying 

1 

I 

We may of course assume that each Ni^m has simple normal crossing support 
and each (pi^n is a composition of blow-ups along smooth centers. 

Note that the set of maps (pi^m is countable as m and i vary. Fix a 
very ample linear system \B\ on X. We can choose very general elements 
Bi, ... ,Bk G \B\ so that the (pim^j satisfy the conditions of Proposition 

16.61 for each Xi^m and A^j^m simultaneously. We may also choose the Bj 
sufficiently general so that the strict transform of Bj over is the same 
as the pullback for every i and m. Set W = Bi n ■ ■ ■ Ci B^. Then each cpi^m 
is W-birational and Wi^m,j = 4>i,mP^ (1 . . . (1 (pl^^Bj is smooth for every j 
between 1 and k. 

Choose an ample divisor H on W as in Corollary 16.51 For each ? 
choose a sufficiently small > so that H — emGm\w is pseudo-effective. 
By choosing i > l/e^, we find models (pm '■ X^ X so that 

Xm —Wm P'^i'^'m-^m) —w^ + ^m'Prn^rn- 

Thus 

^m\w^ -{m- l)(p*„,H > {P„{(pl,Lm) - em(pl,Gm)\yY^ - (m - l)(p*mH 

+ m{PM*mL)\w^-'P*mH) 

We analyze this last sum term by term. Since Lfn—mL is VF-pseudo-effective 
and N„{(p^L) >pj7 0, the first term is pseudo-effective by Proposition 13.51 
The conclusion of Corollarv l6.5l is that the second term is big. The third term 
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is also pseudo-effective by construction. Thus Dm '■= -^mlpf? — (m — 
is big. 

Fix a very ample divisor M on X. Then 

+ {k + 2)ct>*mM\w + \Nm\^J)) 

> h\Wm, 0^{K^ + {k + 2)CM|m. + \Dm] + [{m - 1)C^J)) 

> [(m - 1)H\) by Proposition [213 

> Cm'' 

for some constant C > and for m sufficiently large. 

We conclude by applying Proposition 16.61 We have already chosen the 
divisors Bi, B2, . . . , sufficiently general so that their puUbacks satisfy 
the conditions of the theorem. For convenience define A' = Bi + . . . + Bk- 
Lemma 16.61 shows that the dimensions of the spaces of restricted sections 

h'^iXmlWm, O^JK^^^ + C(L„ + A' + {k + 2)cl)*M))) > Cni^ 

for some constant C > and for sufficiently large m. Since j-^ is 
(/>m-exceptional, these dimensions are equal to 

h^{X\W, Ox{Kx +Lm + A' + {k + 2)(f>*M)) 

= h^iX\W, Ox{Kx + \mL\ +A + A' + {k + 2)(P*M)) 

Thus h^{X, Ox{Kx + \mL'] +A + A' + {k + 2)4)* M)) is also bounded below 
by Cmf' for sufficiently large m. 

(5) < (6). This is proved in |Nak04j Proposition V.2.22. 

(6) < (1). By Proposition 15. 6t we may assume that W \s a, very general 
intersection of very ample divisors. We need to consider the 0-case sepa- 
rately. Note that (1) is precisely when Pa{L) is numerically trivial. This 
means that (6) is also 0. Thus, we can prove that (6) < (1) by considering 
the case where (6) is at least 2 and (1) is at least 1. 

Suppose for a contradiction that (1) is less than the value of (6). For 
convenience we set k to be the value of (1). Let be a /c-dimensional 
intersection of very general very ample divisors. Set r = <;"(L, W) > 0, and 
let (j) :Y X he the blow-up of W with exceptional divisor E. 

Fix a very ample divisor H on Y. We begin by analyzing (p*L + eH. 
Choose models ipi : Yi ^ Y computing the positive products + 
eHf)Y\E and {{(p*L+eH)''+^)Y. Choose big and nef divisors Ai < i)*{(t)*L+ 
eH) on Yi that compute the product. By Proposition 15.51 P^^ip* {(p* L + 
eH)) — Tip*E is always pseudo-effective, so by choosing ^pi appropriately 
we may also assume that Ai — ■^'4^1 E is pseudo-effective for each Ai. Thus 
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Ai — is also pseudo-effective, where E denotes the strict transform of E 
on Yi. Then 

< (^i - • A'^ ■ i)*H'^-''-\ 

By taking a hmit over pushforwards on all such models, we find 

< (((/)*L + eHf+^)Y ■ H'^-^-^ - ^{{(t)*L + eHf)Y\E ■ H'^'^'K 

This is true for all sufficiently small e, so 

< (0*L'=+i)y • i/rf-'^-i - ^{4)*L^)y^E ■ H'^'^-^- 

By choosing sufficiently general elements Hi, . . . , H(i__k_i G \H\, we may 
ensure that E D Hi D . . . D Hd-k-i maps finitely onto W via (p. Letting the 
Ai, . . . , Ad-k denote the ample divisors whose intersection is W , we have 

{4>*L^)y\e ■ H'^~^^^ = {(f>* L^)Y\EnHin...nHa^^,_i 

= C{L^)x\w 

= C{L^)x-Ai-...-Aa.k 

for some positive constant C. By assumption this latter quantity is positive, 
so 

contradicting the fact that {L^^^)x = 0. 

(7) < (1). Let k denote the value of (1). Note that 

e~^{{L + tAf) ■ A"-'^ = {{L + tAf ■ {tA^-^) 

< {{L+tAr). 

(1) implies that there is some constant C such that C < {{L + tA)'') ■ A^~^ 
for every t > 0. Thus we obtain Ct'^~^ < vol(L + tA) for every t > 

(1) < (7). Let k denote the value of (7). For every constant C there is 
some t > such that 

((L + tAY) < ce~^-\ 

This implies that 

so that for any C there is some t such that {{L + • A""''"^ < C. 

Note that the left hand side is increasing in t, so that the inequality must 
hold for arbitrarily small t. Thus the value of (1) is at most k. □ 

The numerical dimension satisfies a number of natural properties. All of 
the following are checked in [Nak04| Proposition V.2.7 except for ([5]) and 

dZD- 

Theorem 6.7 ( |Nak04| . Proposition V.2.7). Let X he a smooth variety and 
let L he a pseudo- effective 'R-divisor. 
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(1) We have < iy{L) < dim(X) and k{L) < v{L). 

(2) v{L) = dim(X) iffL is big and v{L) = iff Pa {L) = 0. 

(3) If L' is pseudo-effective, then ^{L + L') > ^{L). 

(4) If f : Y ^ X is any surjective morphism from a normal variety Y 
then u{f*L) = u{L). 

(5) v{L) = u{Pa{L)). 

(6) Suppose that f : X Z has connected fibers and F is a very general 
fiber off. Then iy{L) < iy{L\F) + dim{Z). 

(7) Fix some sufficiently ample "L-divisor A. Then there are positive 
constants Ci,C2 so that 

Cim"^^'^ < h°{X,Ox{[mL\+A)) < Csm^^^) 

for every sufficiently large m. 

Proof. ([5|) follows from the invariance of the positive product under passing 
to Pa. 

Consider the inequality of ([7]). The leftmost inequality was stated explic- 
itly while demonstrating the implication (4) < (5) in the proof of Theorem 
16.21 To show the rightmost inequality, let be a subvariety of dimension 
z^(L) with ?(L, W) = 0. Proposition l5.3l (and the following discussion) shows 
that there is a positive integer q with 

h\X,I^ OxilmL-] + ^)) = 

for sufficiently large m. Writing Wq for the subscheme defined by the ideal 
X^, for sufficiently large m there is an injection 

h''{X,Ox{lmL]+A)) ^ /iO(VF„Oty,(rmLl + A)) 

and the rate of growth of the latter is bounded by ui^^^^^i^ = my^^\ □ 

It is interesting to note that v is not lower semicontinuous as might be 
expected. This is a consequence of the fact that the restricted positive 
product is only semi-continuous on the boundary of the F-pseudo-effective 
cone. 

Example 6.8 ( |BFJ09| . Example 3.8). Let X be any smooth surface with 

infinitely many —1 curves. Take some compact slice of NE {X). We can 
choose a convergent sequence of distinct classes {oj} on this compact slice 
such that each Oj lies on a ray generated by a different —1 curve. Note that 
for any irreducible curve C there is at most one i for which • C < 0. Thus 
/3 := limj_!.oo «i must be a nef class. A non-trivial nef class /3 has > 1, 
but v{ai) = for every i. Thus v is not lower semi-continuous. 

Question 6.9. What properties does v satisfy along the F-pseudo-effective 
boundary? 
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6.1. The Numerical Dimension for Normal Varieties. Since the nu- 
merical dimension is a birational invariant, we can extend the definition to 
any normal variety X. 

Definition 6.10. Let X be a normal variety and let L be an M-Cartier 
divisor on X. We define ^{L) to be v{f*L) where f :Y ^ X is any smooth 
model. 

We now complete the proof of Theorem 11.11 by showing that the criteria 
of Theorem 16.21 can be applied directly to a normal variety. Note that the 
numbering in the two theorems is different; we will use the numbering of 
Theorem 11.11 

Proof of Theorem \l.l[ (1) = iy{L) since the arguments in the proof of |Nak04| 
Proposition V.2.7 show that (1) is a birational invariant even for normal va- 
rieties. 

We next show that (3) = I'iL). We first claim that there is a com- 
plete intersection W of very general very ample divisors that maximizes (3). 
Suppose that y C X is a A:-dimensional subvariety that achieves the maxi- 
mum value in (3). Choose very ample divisors Ai, . . . , An-k whose (scheme- 
theoretic) complete intersection Wq contains V and also has dimension k. 
Set P = ¥H\X,Ox{Ai)) X ... xP/7O(X,0x(^n-fc)). 

Let J be the ideal sheaf onXxP whose restriction to a fiber of the second 
projection is the ideal sheaf of the corresponding complete intersection on 
X. Note that J is flat over the locus on P representing intersections of the 
expected dimension. By upper-semicontinuity, we flnd that for any fixed 
divisor D we have 

h''{X,lw{[D\)) < h\X,Iw,{[D\)) 

for a general complete intersection W. Thus 

hyx\W,Ox{lD\)) > h^{X\Wo,Ox{lD\)) 

>h\X\V,OxilD\)) 

since the restriction map Ox — > Oy factors through restriction to Owo- 
In particular, if we fix a countable collection of divisors Di, then for a very 
general complete intersection W we have volx \w{^i) ^ vol^iy (-Dj) for every 
i. Setting Di := L + jA yields the claim. 

Let (f) : Y —?■ X he a smooth model of X. For any ample divisor A on 
Y, there is an ample divisor H on X such that (f)*H > A. Since W is 
not contained in any (/>-exceptional center, we may furthermore ensure that 
Supp(</>*ff — A) does not contain W. 

In particular, for any ample divisor A on y there is some H on X such 
that 

volx\w{L + eH) = wo\y^^{4>*{L + eH)) > voly^^{<P*L + eA). 

Similarly, for any ample divisor H on X there is an j4 on y with A — (j)*H 
ample. Thus (3) = z^(-L) is proved. 
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(2) = I'iL) follows from the arguments of the previous two paragraphs. 
(4) = since (4) remains unchanged upon passing to a smooth V- 

birational model. 

Both (5) = iy{L) and (6) = u{L) follow from Corollary [413 
(7) = I'i^L) by Proposition 15. 4[ 

□ 



7. The Restricted Numerical Dimension 

We now turn to the restricted numerical dimension. For a subvariety V, 
I'xivi^) should measure the maximal dimension of a subvariety W C V 
such that the "positive restriction" of L to W is big. 

Theorem 7.1. Let X be a smooth variety, let V be a subvariety of X, and 
let L be a V -pseudo-effective divisor. In the following, A will denote some 
fixed sufficiently ample Z-divisor and W will range over all subvarieties of 
V not contained in B_(L). Then the following quantities coincide: 

(1) max{keZ>o\{L'')x\v^O}. 

(2) max{dimW|(L<^™^)x|H/ > 0}. 

(3) maxjdim 1^1 lime^o volx|iy(i + e^) > 0}. 

(4) max{dimTyjliminf0Vol^([P^((/>*L)][^) > 0} where (p : iX,W) 
{X, W) ranges over W-birational models. 

This common quantity is known as the restricted numerical dimension of L 
along V and is denoted h'xivi-^)- ^''^^V depends on the numerical class of 
L. 

The argument is the same as in the proof of the first four equivalences in 
Theorem 16. 2i One wonders whether the other equalities in Theorem l6.2l can 
be extended to analogous notions for the restricted numerical dimension. 
Perhaps the most important is the restricted version of Ha- 

Definition 7.2. Let X be a smooth variety, V a subvariety, and L a V- 
pseudo-effective divisor. Fix any divisor A. If H^{X\V, Ox{\jnL + A\)) is 
non-zero for infinitely many values of m, we define 



Ha{X\V, L; A) := max {keZ 



h^{X\V,Ox{[mL + A\)) ^ ^ 
lim sup ^ > 

m— >oo rn 



Otherwise, we define HaiX\V, L; A) = —oo. The restricted cj-dimension 
Ka{X\V, L) is defined to be 

kJX\V,L) :=max{K^(X|F,L;A)}. 
A 

Arguing as in the proof of |Nak04| Proposition V.2.7, one can check that 
the restricted cr-dimension is a numerical and birational invariant. 



Question 7.3. Let X be a smooth variety, y be a subvariety, and L be a 
y-pseudo-effective divisor. Does I'xivi^) = i^aiX\V, L)7 
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Since the restricted numerical dimension is invariant under passing to 
admissible models, we can extend the definition to pairs with singularities. 

Definition 7.4. Let X be a normal variety, V a subvariety not contained 
in Sing(X), and L a ^-pseudo-effective divisor. We define vxivi^) = 
^Y\wif*^) where (y, 14/^) is any smooth TZ-birational model of {X,V). 

7.1. Properties of the Restricted Numerical Dimension. The re- 
stricted numerical dimension satisfies similar properties to the numerical 
dimension. Since we know less about i^x\v^ statements are slightly 
weaker. 

Theorem 7.5. Let X be a smooth variety, V a subvariety of X, and L a 
V -pseudo- effective divisor. 

(1) ^x\vi^) — ^(^) ^''^^ ^■^ normal then ux\v{L) < z/(L|y). 

(2) vx\v{L) = ux\v{PAL)). 

(3) When L is nef vxivi^) = i^y(-^lv)- 

(4) If L' is also V -pseudo-effective, then vx\v{L + L') > i>x\v{^)- 

(5) Suppose that vx\v{L) < dim(y). If H is a very general very ample 
divisor on X then ux\viL) = i^x|Vn_ff(-^) 

(6) If (j) : {X ,V) — 7> {X,V) is an admissible model with X smooth then 
T^x\v^<P*L) = vx\v{L). 

(7) Let (j) : Y ^ X be a smooth birational model and let W be a 
subvariety of Y such that (plw maps surjectively onto V . Then 
vy\w{(I>*L) = vx\v{L). 

Proof. 

(1) Note that if Z and Z' are subvarieties of X with Z d Z' , then 
volx|Z'(-^^) ^ volj>c|2(L) since the restriction map on sections of L 
from X to Z factors through the restriction map to Z' . 

Fix an ample divisor ^ on X and let W be an intersection of very 
general very ample divisors on X. The two inequalities follow from 
the fact that vo1x|vf(-^ + ^-^) ^ ^'^^x\vnw{^ + ^■^d volx|v(^ + 
eA) > volx\vnwiL + eA). 

(2) This follows from the fact that the restricted positive product is 
invariant under passing to as demonstrated in Proposition 14.131 

(3) The restricted volume of an ample divisor can be calculated as an 
intersection product, so the equality follows from characterization 
(3) in Theorem 17.11 

(4) Fix an ample divisor A. The inequality follows from volx|iy(i + -^^' + 
2eA) > volx\wiL + eA). 

(5) Using characterization (1) in Theorem 17.11 we see that if k < dimV 
then (L'=)x|v / iff {L')x\vnH = {L^)x\v -H^O. 

(6) This is a consequence of Proposition 14.201 which describes how the 
restricted positive product is compatible with admissible models. 
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(7) First suppose that dim(Ty) > dim(y); we show that i'y\w{4>* I-') < 
dim(VK). Every fiber of (p\w is covered by curves satisfying (j)*L ■ 
C = 0. Since B_((/)*L) = (/)~^B_(L), the general such curve avoids 
B_(^*L). In particular, for any T^-birational model ip : Y Y, 
the subvariety W is covered by curves satisfying Pa{il)* cf)* L) -0 = 0. 
Thus vy\w{'P* ^) < dim(Ty) by characterization (4) in Theorem 17. 11 
Fix a very general very ample divisor H on Y . By property (5), 
i'Y\w{(l^* I-) = ^Y\wr\H{(t^* I-')- Proceeding inductively, we reduce to 
the case when dim(VF) = dim(y), which is (6). 

□ 

It is important to note that we can have ux\v{L) = dim(y) even when L 
is not y-big. 

Example 7.6. Let X be a smooth variety, V a smooth subvariety, and L 
a F-big divisor. Let (j) ■ (^i ~^ ^) be an admissible model such 
that some (/>-exceptional center contains V. Then (p*L is VF-pseudo-effective 
but not VF-big. Nevertheless, the invariance of i^xiviL) under passing to 
admissible models shows that we still have vx\v{L) = dim(y). 

We next show that the non-vanishing of i'{L) can be detected by the 
restricted numerical dimension i'x\c{^) ^ very general curve C . 

Proposition 7.7. Let X he a smooth variety and let L he a pseudo-effective 
divisor on X . Then v{L) > iff there is a curve C on X defined as a very 
general complete intersection of very ample divisors with i^x\c{^) > 0- 

Proof. If v{L) = then vx\c{L) = by Theorem 

Conversely, suppose that C is a very general intersection of very ample 
divisors. By choosing C appropriately, we may assume that it avoids every 
component of B_(Po-(-^))- In particular, for any C-birational model cf) -.Y ^ 
X we have 

vol(P,(rL)|g) = PM*L) ■ C = (t>*Pa{L) ■ C = P„{L) ■ C. 

Thus, if vx\c{^) = 0, then PaiP) • C = 0. But since C is an intersection of 
ample divisors, this implies that P^iL) = and i^{L) = 0. □ 

References 

[BDPP04] S. Boucksom, J. P. Demailly, M. Paun, and T. Peternell, The 
pseudo-effective cone of a compact Kahler manifold and vari- 
eties of negative Kodaira dimension, 2004, http;//www-fourier.ujf- 
grenoble.fr/'^demailly/manuscripts/coneduality.pdf, submitted to J. Alg. 
Geometry. 

[BFJ09] S. Boucksom, C. Favre, and M. Jonsson, Differentiability of volumes of divisors 
and a problem of Teissier, J. Algebraic Geom. 18 (2009), no. 2, 279-308. 

[Bou04] S. Boucksom, Divisorial Zariski decompositions on compact complex manifolds, 
Ann. Sci. Ecole Norm. Sup. 37 (2004), no. 4, 45-76. 

[ELM'^'OS] L. Ein, R. Lazarsfeld, M. Mustafa, M. Nakamaye, and M. Popa, Asymptotic 
invariants of base loci, Pure Appl. Math. Q. 1 (2005), no. 2, 379-403. 



COMPARING NUMERICAL DIMENSIONS 



35 



[ELM+09] , Restricted volumes and base loci of linear series, Amer. J. Math. 131 

(2009), no. 3, 607-651. 
[Fuj94] T. Fujita, Approximating Zariski decomposition of big line bundles, Kodai 

Math. J. 17 (1994), no. 1, 1-3. 
[Pul84] W. Fulton, Intersection theory, Ergebnisse der Mathematik und ihrer Gren- 

zgebiete. 3. Folge, vol. 2, Springer- Verlag, Berlin Heidelberg, 1984. 
[Kaw85] Y. Kawamata, Pluncanonical systems on minimal algebraic varieties. Invent. 

Math. 79 (1985), no. 3, 567-588. 
[Laz04] R. Lazarsfeld, Positivity in algebraic geometry I-II, Ergebnisse der Mathematik 

und ihrer Grenzgebiete. 3. Folge, vol. 48-49, Springer- Verlag, Berlin Heidelberg, 

2004. 

[LM09] R. Lazarsfeld and M. Mustata, Convex bodies associated to linear series, Ann. 

Sci. Ec. Norm Super. (4) 42 (2009), no. 5, 783-835. 
[NakOO] M. Nakamaye, Stable base loci of linear series. Math. Ann. 318 (2000), no. 4, 

837-847. 

[Nak03] , Base loci of linear series are numerically determined, Trans. Amer. 

Math. Soc. 355 (2003), no. 2, 551-566. 
[Nak04] N. Nakayama, Zariski- decomposition and abundance, MSJ Memoirs, vol. 14, 

Mathematical Society of Japan, Tokyo, 2004. 
[SwaOO] I. Swaiison, Linear equivalence of ideal topologies. Math. Z. 234 (2000), no. 4, 

755-775. 



Department of Mathematics, Rice University, Houston, TX 77005 
E-mail address: blehmannSrice . edu 



